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Abstract-This article is a continuation of the article “The Joint Sum of Graceful Trees.” In this 
and subsequent articles, we intend to explore Rosa’s conjecture that every tree is graceful [l]. Using 
the concept of radical product of graceful trees, we prove the gracefulness of a certain family of trees. 
Some of the results we obtain here are more general than those of Ma [2] and Zeng (3). 
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A tree (or more generally, a simple graph) is called graceful if there is a labeling e of its vertices 
with distinct integers from the set (0, 1, . . . ,e}, so that the induced edge labeling C’ defined 
by [‘(u, u) = Ku) - a( u )I ass1 ‘g ns each edge a different label. It has been conjectured that every 
tree is graceful [l]. In [4], we defined the concepts of glue trees and the joint sum of graceful trees 
and proved that the joint sum of a graceful tree and a glue tree is graceful. 
In this article, we shall continue our discussion using the concept of radical product of graceful 
trees and prove the gracefulness for a certain family of trees. First let us define radical product 
as follows. 
DEFINITION 1. Given two trees T and R, specify for each tree a vertex as the root. By gluing 
the two roots we obtain a new tree, it is called the radical product of T and R, and is denoted 
by (T l R). When T and R are isomorphic, (T l R) is simply denoted as (R2). 
Similarly, we can define (Tr l T2 l . . . l T,) and (T”). We have the following result concerning 
the gracefulness of the radical product. 
THEOREM 1. Let T and R be two graceful trees with the same number of vertices. If for each 
tree there is a hanging vertex with graceful labeling 0, then the radical product (TmR2n) using 
these two vertices as roots is a graceful tree, where m and n are positive integers. 
PROOF. Let f~(zt) and f&v) b e respectively the graceful labeling of T and R, q be the number 
of edges, and (XT, YT) and (XR, YR) be respectively the bipartition of T and R. Let Ti and Ri 
be isomorphic to T and R, respectively. Denote bT and bn as the hanging vertices of T and R, 
Typeset by &@-T&X 
89 
90 S.-Z. Lluet al. 
respectively. Define a labeling on (Tm l Rzn) as follows: 
fT(V) + Q(i - 11, if v E XT; 
e(v) = fT(V) + q(2n + m - i), if v E YT, v E V(Ti), (i = n + 1,. . . ,n + m); 
fR(v) + dj - 1)~ if ‘u E Xn; (I) 
.fR(v) + q@n + m -h ifvEYn,VEV(J$),(j=l,..., n,n-+m+l,..., 2n+m). 
It can be verified that e(v) is a graceful labeling of (Tm l R2n). I 
/ 
0, if v = bT = bR; 
EXAMPLE 1. Let T and R be two graceful trees with 7 edges. Their graceful labeling are 
respectively f*(w) and fR(v) (Figure 1). 
Figure 1. Graceful trees T and R in Example 1. 
The bipartition (XT, YT) of T((XR, YR) of R) is defined ss follows: if the number of edges 
between u and bT(bn) is odd, then u E XT(V E Xn); otherwise, v E YT(V E YR). In formula (I), 
Jet q = 7, n = 1, and m = 3, we get the graceful labeling of (T3 l R2) (Figure 2). 
Figure 2. A graceful labeling for (T3 l R2). 
The conclusion of Theorem 1 stiJ1 holds when T = 8. Therefore, if T and R are isomorphic, 
then we have the following result. 
COROLLARY 1. If T is graceful and there is a hanging vertex with graceful labeling 0, then 
(Tm) is gracefuJ, where m is a positive integer. I 
Theorem 1 can be further generalized as follows: 
THEOREM 2. Let Ti(i = 1,2,. . . , k) be graceful trees with q edges. If for each tree Ti there is 
a hanging vertex bi with graceful labeling 0, then the radical product (Tim’ l Tzm2 l . . . l Tim”) 
obtained by using bi as the root is also graceful, where mi(i = 1,2, . . . , k) are positive integers. 
I 
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If fi(v) and (Xi, K) are respectively the graceful labeling and bipartition for Ti,, then a graceful 
labeling for (Z’r’ l Tzm2 l . . . l Ttm”) can be constructed as follows: 
1 
fj(U) + q($ - I), ifvEXj, ij-(mj+1+~~~+m~)=1,...,mj,m~+2m~+~~~ 
e(w) = +2mj_l + mj + 1,. . ml 2mz . . 2mj; 
fj(u)+q(m-ij), ifvEYj,j=1,2 ,..., k. (2) 
where m = ml + 2mz + . . . + 2mk. 
EXAMPLE 2. Let TI, Tz, and TS be three graceful trees with graceful labeling f~ (v), fi(v) 
and fa(~), respectively (Figure 3). For each i, the bipartition (Xi, Yi) is defined as follows: 
if the number of edges between vertex u and the vertex bi with graceful labeling 0 is odd, 
then v E Xi; otherwise, v E yi. In formula (2), letting k = 3, ml = 3, rn2 = 1, ma = 2, q = 5, 
and m = ml + 2m2 + 2m3 = 9, we get a graceful labeling 6(w) for radical product (Tf l T; l T;) 
as follows (see Figure 4): 
I 
e(v) = ot 
\ 
’ 0, if u = bl = b2 = b,; 
h(v) + 5(il - I), if 2, E Xl; 
h(v) + w - il), if v E Yl, il = 4,5,6; 
fi(v) + 5(i2 - i), if v E X2; 
fi(v) + 5(9 - iz), if 21 E Y2, i2 = 3,7; 
f3(v) + 5(i3 - I), if ‘u E X3; 
f3(u) + WJ - i3), if II E Y3, i3 = 1,2,8,9. 
*y4 y1 y4 
Tl T2 7-3 
Figure 3. Graceful trees Tl, T2, and T3 in Example 2. 
Figure 4. A graceful labeling for (Tf l Tz l T:). 
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Similar to the joint sum, we have the following theorem when T* is a glue tree. 
THEOREM 3. If T* is a glue tree and R is a graceful tree, then the radical product (T* l R) is 
also graceful where the root of T* is the glue vertex and the root of R is the vertex with graceful 
labeling 0. 
PROOF. Let f*(v) and f(v) be respectively the graceful labeling of T* and R, q be the number 
of edges of R, and (X, Y) be a bipartition of T* with 
Let us define 6(w) as follows: 
f*(v), ifvEX; 
6(v) = f*(v) + 4, ifvEY; (3) 
f(w) + maxvex f*(v), if v or R. 
Then 6(v) is a graceful labeling of (T* l R). I 
EXAMPLE 3. Let T* be a glue tree and R a graceful tree (see Figure 5). The bipartition (X, Y) 
on T* is defined as follows: If the number of edges between vertex v and the vertex with graceful 
labeling 0 is even, then v E X; otherwise, v E Y. Thus, X consists of those vertices with graceful 
labeling 0, 1, 2 and 3 while Y consists the rest. Note that q = 9. Using formula (3), we get the 
graceful labeling for (T* l R) (Figure 6). 
T* R 
Figure 5. Glue tree T’ and graceful tree R in Example 3. 
0 
la 0 15 3 13 2 
Figure 6. A graceful labeling for (T” l R). 
The following result can be useful when we prove the gracefulness of trees. 
PROPOSITION 1. If f( ) 2, is a graceful labeling for tree T, then 6(v) = p - f(v) is also a graceful 
labeling for T, where p = IV(T)J. I 
The conclusion of the above proposition is obvious. Usually we call transformation 6(v) = 
p-f(w) the inverse transfomnation of labeling. Given a graceful tree T with graceful labeling f(v), 
add a new branch from the vertex with graceful labeling 0. Let the new vertex be labeled p + 1. 
Then (f(v),p + 1) is a graceful labeling for the new tree. If we apply the inverse transformation 
to {f(v),p+l}, then the added vertex is a hanging vertex with new graceful labeling 0. Therefore, 
Theorems 1 and 2 become applicable. The results of Ma [2] and Zeng [3] can then be derived by 
repetitively applying the above theorems and the inverse transformation. 
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